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LAGRANGIAN AND HAMILTONIAN FEYNMAN FORMULAE
FOR SOME FELLER SEMIGROUPS AND THEIR
PERTURBATIONS
YANA A. BUTKO, RENE´ L. SCHILLING, AND OLEG G. SMOLYANOV
Abstract. A Feynman formula is a representation of a solution of an initial
(or initial-boundary) value problem for an evolution equation (or, equivalently,
a representation of the semigroup resolving the problem) by a limit of n-fold
iterated integrals of some elementary functions as n → ∞. In this note we ob-
tain some Feynman formulae for a class of semigroups associated with Feller
processes. Finite dimensional integrals in the Feynman formulae give approxi-
mations for functional integrals in some Feynman–Kac formulae corresponding
to the underlying processes. Hence, these Feynman formulae give an effective
tool to calculate functional integrals with respect to probability measures gen-
erated by these Feller processes and, in particular, to obtain simulations of
Feller processes.
Keywords Feynman formulae; Feynman–Kac formulae; approximations of
functional integrals, approximations of transition densities.
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1. Introduction
In this note we consider a class of semigroups associated with Feller processes.
Feller processes are continuous-time Markov processes, which generalize the class of
stochastic processes with stationary and independent increments, or Le´vy processes.
Note that many diffusion processes belong to this class. Every Feller process (ξt)t≥0
in Rd generates a strongly continuous positivity preserving contraction semigroup
(Tt)t≥0 on the space C∞(R
d) of continuous functions vanishing at infinity: Ttf(q) =
Eq[f(ξt)] for any f ∈ C∞(Rd). Due to Courre`ge it is known that (under a mild
richness condition on the domain) the infinitesimal generatorA of a Feller semigroup
is a pseudo-differential operator (ΨDO, for short), i.e. an operator of the form
Af(q) = −H(q,D)f(q) = −(2π)−d
∫
Rd
∫
Rd
ei(q−x)·pH(q, p)f(x) dx dp, f ∈ C∞c (Rd).
The symbol of the operator, the function −H : Rd × Rd → C, (q, p) 7→ −H(q, p),
is for fixed q, given in terms of a Le´vy-Khintchine representation
H(q, p) = a(q) + iℓ(q) · p+ p ·Q(q)p+
∫
y 6=0
(
1− eip·y + ip · y
1 + |y|2
)
N(q, dy),
where, for each fixed q, ℓ(q) ∈ Rd, Q(q) is a positive semidefinite symmetric matrix
and N(q, dy) is a measure kernel on Rd \ {0} such that ∫
y 6=0
|y|2
1+|y|2 N(q, dy) < ∞.
Note that these negative definite symbols do not belong to any of the classical
symbol classes of ΨDOs; consequently we do not have a Ho¨rmander or Maslov
symbolic calculus at our disposal.
In a similar way, each operator Tt can be represented as a pseudo-differential op-
erator λt(·, D) with the symbol λt(q, p) = Eq
[
ei(ξt−q)·p
]
. It is known that−H(q, p) =
1
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limt→0
λt(q,p)−1
t , see e.g. [21, 30, 31]. If (ξt)t≥0 is a Le´vy process, we have H(q, p) =
H(p) and λt(q, p) = e
−tH(p) — this is due to the fact that the generator is an op-
erator with constant “coefficients”(i.e. it is independent of the state space variable
q). In the case where we have variable “coefficients”, there is no such straightfor-
ward connection between the symbols of the semigroup and the generator and this
gives rise to several interesting problems: which negative definite symbols H(q, p)
lead to Feller processes and, if so, how can we represent or approximate the symbol
λt(q, p). The existence problem has been discussed at length in a series of papers,
see [22, 4, 24] and the literature given there, and we would like now to investigate
the problem how to represent the semigroup resp. its symbol if the (symbol of the)
generator is known.
Consider an evolution equation ∂f∂t (t, q) = −H(q,D)f(t, q), where −H(·, D) is a
generator of some Feller process (ξt)t≥0. Following the terminology of mathematical
physics, we call H(·, D) the Hamiltonian of the physical system, which is described
by the above evolution equation. The solution of the Cauchy problem for this equa-
tion with initial data f(0, q) = f0(q) can be obtained by the Feynman-Kac formula
f(t, q) ≡ (Ttf0)(q) = Eq[f0(ξt)]. Here the expectation Eq[f0(ξt)] is a functional
integral (path integral) over the set of paths of the process (ξt)t≥0 with respect
to the measure generated by this process. If (ξt)t≥0 is a diffusion process, then
Eq[f0(ξt)] =
∫
C([0,t],Rd) f0(ξt)µ(dξ), where µ is a Gaussian measure, corresponding
to this process; in particular, the Wiener measure corresponds to the process of
Brownian motion.
The heuristic notion of a path integral has been introduced by R. Feynman,
see [16], [17], to obtain the solution of the Schro¨dinger equation with a potential.
Feynman has defined this integral as a limit of some finite dimensional integrals;
actually, these integrals range over Cartesian powers of the configuration (or phase)
space of the system, described by the Schro¨dinger equation. In modern terminol-
ogy this kind of path integrals are called Feynman path integrals with respect to a
Feynman pseudomeasure on the set of paths in the configuration (or phase) space.
The classical Feynman-Kac formula, representing the solution of the Cauchy
problem for the heat equation by a functional integral with respect to the Wiener
measure can also be obtained applying Feynman’s construction. Here the functional
integral is a limit of n-fold iterated integrals containing Gaussian exponents which
are transition densities of a Brownian motion. This construction can be extended to
a large class of Markov processes. However, in most cases the transition densities of
Feller processes cannot be expressed by elementary functions and, hence, in order
to compute functional integrals in Feynman-Kac formulae we need to approximate
them. This gives rise to Feynman formulae.
A Feynman formula is a representation of the solution of an initial (or initial–
boundary) value problem for an evolution equation (or, equivalently, a representa-
tion of the semigroup resolving the problem) as a limit of n-fold iterated integrals
of some elementary functions, when n → ∞. Obviously, the iterated integrals in
a Feynman formula for some problem give approximations for a functional inte-
gral in the Feynman-Kac formula representing the solution of the problem. These
approximations can be used for direct calculations and simulations.
The notion of a Feynman formula has been introduced in [33] and the method
to obtain Feynman formulae for evolutionary equations has been developed in a
series of papers [33]–[37]. Recently, this method has been successfully applied to
obtain Feynman formulae for different classes of problems for evolutionary equa-
tions on different geometric structures, see, e.g. [5]–[7], [26], [27], [32] and also to
construct some surface measures on infinite dimensional manifolds (see [34]–[38]).
This method is based on Chernoff’s theorem (see [12] and [33] for the version used
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here), which is a generalization of the well-known Trotter formula. Trotter’s formula
has been used to justify Feynman’s heuristic result for Schro¨dinger equations with
a potential, e.g. [25], and to prove the classical Feynman-Kac formula mentioned
earlier.
By Chernoff’s theorem a strongly continuous semigroup (Tt)t≥0 on a Banach
space can be represented as a strong limit: Tt = limn→∞[F (t/n)]
n where F (t) is an
operator-valued function satisfying certain conditions (see Theorem 2.4 for details).
This equality is called a Feynman formula for the semigroup (Tt)t≥0. We call this
Feynman formula a Lagrangian Feynman formula, if the F (t), t > 0, are integral
operators with elementary kernels; if the F (t) are ΨDOs, we speak of Hamiltonian
Feynman formulae. In particular, we obtain a Hamiltonian Feynman formula for a
semigroup Tt ≡ e−tH(·,D) generated by a ΨDO −H(·, D) with the symbol −H(q, p)
if
e−tH(·,D) = lim
n→∞
[
e−
t
nH(·, D)]n,
where e−
t
nH(·, D) is the ΨDO with the symbol e− tnH(q,p). Note that, in general
e−
t
nH(·, D) is not a semigroup and that λt(q, p) 6= e−tH(q,p).
Our terminology is inspired by the fact that a Lagrangian Feynman formula
gives approximations to a functional integral over a set of paths in the configuration
space of a system (whose evolution is described by the semigroup (Tt)t≥0), while a
Hamiltonian Feynman formula corresponds to a functional (Hamiltonian Feynman
path) integral over a set of paths in the phase space of some system (cf. [3]). The
corresponding Hamiltonian Feynman formula gives rise to a Hamiltonian Feynman
path integral also in the case Tt = e
itH(q,D) (see [33]).
In this note we prove some Hamiltonian and Lagrangian Feynman formulae for
semigroups associated with Feller processes and for perturbations of such semi-
groups. Several results of the paper have been announced in [9]. The paper is
organized as follows. Section 2 contains notation and some preliminaries; in par-
ticular, Chernoff’s theorem is formulated and the notion of Chernoff equivalence is
introduced. In Section 3 we prove a Hamiltonian Feynman formula for a class of
semigroups associated with Feller processes. In Section 4 we obtain a Lagrangian
Feynman formula for a multiplicative perturbation of a Feller semigroup by a func-
tion a(·) which is continuous, positive, bounded and bounded away from zero. Note,
that analogous Lagrangian Feynman formulas have been proved for some diffusion
processes in [8] and have been presented for the Cauchy process in [9]. In Section 5
we consider gradient and bounded Schro¨dinger perturbations of Feller semigroups
and obtain some Hamiltonian and Lagrangian Feynman formulae for them.
2. Notations and preliminaries
Let C∞c (R
d) be a set of infinitely differentiable functions on Rd with compact
support and S(Rd) be the Schwartz space of rapidly decreasing functions. Let us
also consider a space C∞(R
d) of all continuous functions vanishing at infinity. It
is a Banach space with the norm ‖f‖∞ = supx∈Rd |f(x)|. Write for the norm in
Ck∞(R
d), the space of k times continuously differentiable functions which vanish
(with all their derivatives) at infinity,
‖u‖(k) :=
∑
|α|6k
‖∂αu‖∞
where α ∈ Nn0 , ∂α = ∂|α|/∂xα11 · · · ∂xαnn , and |α| = α1 + . . .+ αn.
We use the following notations for the Fourier transform and its inverse:
f̂(p) = (2π)−d/2
∫
Rd
e−ip·qf(q)dq and F−1[f ](q) = (2π)−d/2
∫
Rd
eip·qf(p)dp.
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2.1. Negative definite functions. Negative definite functions have been intro-
duced by I.J. Scho¨nberg in connection with isometric embeddings of metric spaces
into a Hilbert space. His original definition is the following.
Definition 2.1. A function ψ : Rd → C is called negative definite if for any m ∈ N
and all p1, . . . , pm ∈ Rd the m×m matrix
(
ψ(pj) + ψ(pk)− ψ(pj − pk)
)
j,k=1,...,m
is positive hermitian, i.e., if for all λ1, . . . , λm ∈ C
m∑
j,k=1
(
ψ(pj) + ψ(pk)− ψ(pj − pk)
)
λjλk > 0.
A negative definite function is NOT the negative of a positive definite function.
Recall that a function u : Rd → C is called positive definite if for any choice of k ∈ N
and vectors p1, . . . , pk ∈ Rd the matrix (u(pi − pj))i,j=1,...,k is positive Hermitian,
i.e. for all λ1, . . . , λk ∈ C we have
∑k
i,j=1 u(pi − pj)λiλj ≥ 0.
Corollary 2.1. If u : Rd → C is a positive definite function, then the function
[p 7→ u(0)− u(p)] is negative definite.
The deeper connection between positive definite and negative definite functions
can be seen from the following Theorem 2.1 which also justifies the definition of
continuous negative definite functions through the Le´vy-Khintchine formula:
Definition 2.2. A function ψ : Rd → C is called a continuous negative definite
function if ψ is given by the Le´vy-Khintchine formula
(1) ψ(p) = a+ iℓ · p+ p ·Qp+
∫
y 6=0
(
1− eiy·p + iy · p
1 + |y|2
)
N(dy).
The tuple (a, ℓ,Q,N) consisting of a ∈ R+, ℓ ∈ Rd, a positive semidefinite matrix
Q ∈ Rd×d and a Radon measureN on Rd\{0} with ∫
y 6=0
|y|2(1+|y|2)−1N(dy) <∞
is called Le´vy characteristics (of ψ). The measure N is often called Le´vy measure.
Obviously, the Le´vy characteristics are uniquely determined by ψ—and vice
versa.
Theorem 2.1. For ψ : Rd → C the following properties are equivalent:
(a) ψ is continuous and negative definite in the sense of Definition 2.1;
(b) ψ is given by the Le´vy-Khintchine formula (1);
(c) ψ(0) > 0 and e−tψ is for every t > 0 continuous and positive definite.
A proof of Theorem 2.1 can be found, e.g. in the monographs by Jacob [22] or by
Berg and Forst [1](II.§7). All continuous positive definite functions are characterized
by Bochner’s Theorem.
Theorem 2.2 (Bochner). A function φ : Rd → C is continuous and positive
definite if, and only if, it is the Fourier transform of a bounded Radon measure
µ ∈M+b (Rd), i.e.,
φ(p) = µ̂(p) := (2π)−d/2
∫
Rd
e−ip·q µ(dq).
From Definition 2.1 it is not hard to see that a negative definite function has
positive real part Reψ > 0, satisfies ψ(p) = ψ(−p) and that
√
|ψ(·)| is subadditive,
i.e., √
|ψ(p1 + p2)| 6
√
|ψ(p1)|+
√
|ψ(p2)|, p1, p2 ∈ Rd.
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If ψ is continuous, repeated applications of the subadditivity estimate yield the
following growth bound
(2) |ψ(p)| 6 2 sup
|η|61
|ψ(η)| (1 + |p|2) , p ∈ Rd.
2.2. Feller and Le´vy semigroups and their generators. A Feller process
(Xt)t>0 with a state space R
d is a strong Markov process whose associated op-
erator semigroup (Tt)t>0,
Ttu(x) = E
x [u(Xt)] , u ∈ C∞(Rd), t > 0, x ∈ Rd,
enjoys the Feller property, i.e., it is a strongly continuous positivity preserving
contraction semigroup on the space C∞(R
d). The semigroup (Tt)t>0 is said to be
a Feller semigroup.
The (infinitesimal) generator (A,D(A)) of the semigroup or the process is given
by the strong limit
Au := lim
t→0
Ttu− u
t
on the set D(A) ⊂ C∞(Rd) of those u ∈ C∞(Rd) for which the above limit exists
w.r.t. the sup-norm. We will call (A,D(A)) a Feller generator for short.
Before we proceed with general Feller semigroups it is instructive to have a brief
look at Le´vy processes (and convolution semigroups) which are a particular subclass
of Feller processes. Our standard reference for Le´vy processes is the monograph by
K. Sato [29]. A Le´vy process (Yt)t>0 is a stochastically continuous random pro-
cess with stationary and independent increments. The Fourier transform of a Le´vy
process has a particularly simple structure,
(3) Ex
[
eip·(Yt−x)
]
= E0
[
eip·Yt
]
= e−tψ(p),
where ψ : Rd → C is the characteristic exponent which is a continuous negative
definite function, i.e. ψ is given by the Le´vy-Khintchine formula (1). Since (Yt)t>0 is
a Markov process both (3) and (1) characterize the finite dimensional distributions
of (Yt)t>0 and, hence, the process itself.
A Le´vy process is spatially homogeneous. Therefore, the associated semigroup is
of convolution type,
Stu(x) = E
x [u(Yt)] = E
0 [u(Yt + x)] =
∫
Rd
u(x+ y)P0(Yt ∈ dy) = u ∗ µ˜t(dy),
µ˜t(dy) = P
0(Yt ∈ −dy), and a short direct calculation shows that (St)t>0 is indeed
a Feller semigroup with infinitesimal generator
(4) Bu(x) = −ψ(D)u(x) := −(2π)−n/2
∫
Rd
ψ(p) û(p) eix·p dp, u ∈ C∞c (Rd).
One can use the estimate (2) to show that integrals in (4) are convergent.
The operator ψ(D) is a first example of a so-called pseudo differential operator
with the symbol ψ(p). Since ψ does not depend on x the operator has constant
“coefficients”. Notice that the symbol ψ is just the characteristic exponent of the
process (Yt)t>0. This shows that
every Le´vy process is generated by a pseudo differential operator −ψ(D) with the
symbol −ψ(p) where ψ is the characteristic exponent of the process. Conversely,
every pseudo differential operator −ψ(D) with the symbol −ψ(p), where ψ is a
continuous negative definite function, i.e., given by the Le´vy-Khintchine formula
(1), is the generator of a Le´vy process.
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Let us return to the general situation. It is not hard to see (cf. [15],p. 165, Theo-
rem 2.2 (b)) that Feller generators satisfy the so-called positive maximum principle
(PMP) if u ∈ D(A), sup
x∈Rd
u(x) = u(x0) > 0 then Au(x0) 6 0.
Extending earlier work of W. von Waldenfels [39, 40] Ph. Courre`ge showed in
[13], see also [2], the following structure result for operators satisfying the positive
maximum principle. We formulate his theorem only for Feller generators.
Theorem 2.3 (Courre`ge). Let (A,D(A)) be a Feller generator such that C∞c (R
d) ⊂
D(A). Then A
∣∣
C∞c (R
d)
is a pseudo differential operator,
(5)
Au(q) = −H(q,D)u(q) = −(2π)−n/2
∫
Rd
H(q, p) û(p) eip·q dp, u ∈ C∞c (Rd),
with the symbol H : Rd×Rd → C which is measurable, locally bounded in both vari-
ables (q, p), and satisfies for fixed q the following Le´vy-Khintchine representation
(6) H(q, p) = a(q) + iℓ(q) · p+ p ·Q(q)p+
∫
y 6=0
(
1− eiy·p + iy · p
1 + |y|2
)
N(q, dy),
where (a(q), ℓ(q), Q(q), N(q, ·)) is for each q ∈ Rd the Le´vy characteristics of −H(q, ·).
Observe that (6) automatically implies the continuity of p 7→ H(q, p) for each
q ∈ Rd.
Let H(q,D) be a pseudo differential operator with the symbol H(q, p) as in
Theorem 2.3. Since H(q, p) is represented by the Le´vy-Khintchine type formula (6)
we can use Fourier inversion in (5) and find that the integro-differential operator
Aϕ(q) = −a(q)ϕ(q) + ℓ(q) · ∇ϕ(q) +
d∑
j,k=1
Qjk(x)∂j∂kϕ(q)
+
∫
y 6=0
(
ϕ(q + y)− ϕ(q)− y · ∇ϕ(q)
1 + |y|2
)
N(q, dy)
(7)
extends
(−H(·, D), C∞c (Rd)) to the set C2∞(Rn). Note that the following Lemma
2.1 together with the integration properties of N(q, dy),
∫
y 6=0
|y|2/(1 + |y|2)N(q, dy) <∞,
ensure that the integral in (7) converges. From now on we will use the pseudo
differential representation (5) and the integro-differential representation (7) simul-
taneously.
Lemma 2.1. For all ϕ ∈ C2b (Rd) we have
(8)
∣∣∣∣ϕ(q + y)− ϕ(q) − y · ∇ϕ(q)1 + |y|2
∣∣∣∣ 6 2 |y|21 + |y|2 ‖ϕ‖(2).
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Proof. By Taylor’s formula we get for all q, y ∈ Rd∣∣∣∣(1 + |y|2)
(
ϕ(q + y)− ϕ(q) − y · ∇ϕ(q)
1 + |y|2
) ∣∣∣∣
6 |ϕ(q + y)− ϕ(q)− y · ∇ϕ(q)| + |y|2 |ϕ(q + y)− ϕ(q)|
6
1
2
∣∣∣∣∣∣
d∑
j,k=1
yjyk∂j∂kϕ(ξq,y)
∣∣∣∣∣∣ + 2|y|2‖ϕ‖∞
6 2|y|2

‖ϕ‖∞ +
√√√√ d∑
j,k=1
‖∂j∂kϕ‖2∞


6 2|y|2 ‖ϕ‖(2). 
In the sequel we will need also the following Lemma.
Lemma 2.2. We have
|y|2
1 + |y|2 =
∫
Rd
(1− cos(y · p)) g(p) dp, y ∈ Rd,
where g(p) = 12
∫∞
0
(2πλ)−d/2 e−|p|
2/2λ e−λ/2 dλ is integrable and has absolute mo-
ments of arbitrary order.
Proof. The Tonelli-Fubini Theorem and a change of variables show for k ∈ N0∫
Rd
|p|k g(p) dp = 1
2
∞∫
0
(2πλ)−d/2
∫
Rd
|p|k e−|p|2/2λ dp e−λ/2 dλ
=
1
2
∞∫
0
(2πλ)−d/2
∫
Rd
λk/2|η|k e−|η|2/2λd/2 dη e−λ/2 dλ
=
1
2
(2π)−d/2
∫
Rd
|η|k e−|η|2/2 dη
∞∫
0
λk/2 e−λ/2 dλ,
i.e., g has absolute moments of any order. Moreover, the elementary formula
e−λ|y|
2/2 = (2πλ)−d/2
∫
Rn
e−|p|
2/2λ eiy·p dp
and Fubini’s Theorem yield
|y|2
1 + |y|2 =
1
2
∞∫
0
(
1− e−λ|y|2/2) e−λ/2 dλ
=
1
2
∞∫
0
∫
Rd
(2πλ)−n/2
(
1− eiy·p)e−|p|2/2λ e−λ/2 dp dλ
=
∞∫
0
(
1− eiy·p) g(p) dp.
The assertion follows since the left-hand side is real-valued. 
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2.3. The Chernoff theorem. If X,X1, X2 are Banach spaces, then L(X1, X2)
denotes the space of continuous linear mappings from X1 to X2 equipped with the
strong operator topology, L(X) = L(X,X), ‖ · ‖ denotes the operator norm on
L(X) and Id the identity operator in X . If D(T ) ⊂ X is a linear subspace and
T : D(T )→ X is a linear operator, then D(T ) denotes the domain of T .
The derivative at the origin of a function F : [0, ε) → L(X), ε > 0, is a linear
mapping F ′(0) : D(F ′(0))→ X such that
F ′(0)g := lim
tց0
F (t)g − F (0)g
t
,
where D(F ′(0)) is the vector space of all elements g ∈ X for which the above limit
exists.
In the sequel we use the following version of Chernoff’s theorem (see [33]).
Theorem 2.4 (Chernoff). Let X be a Banach space, F : [0,∞) → L(X) be a
(strongly) continuous mapping such that F (0) = Id and ‖F (t)‖ ≤ eat for some a ∈
[0,∞) and all t ≥ 0. Let D be a linear subspace of D(F ′(0)) such that the restriction
of the operator F ′(0) to this subspace is closable. Let (A,D(A)) be this closure. If
(A,D(A)) is the generator of a strongly continuous semigroup (Tt)t≥0, then for any
t0 > 0 the sequence (F (t/n))
n)n∈N converges to (Tt)t≥0 as n → ∞ in the strong
operator topology, uniformly with respect to t ∈ [0, t0], i.e., Tt = limn→∞(F (t/n))n.
A family of operators (F (t))t≥0 is called Chernoff equivalent to the semigroup
(Tt)t≥0 if this family satisfies the assertions of Chernoff’s theorem; then, by Cher-
noff’s theorem we have in L(X) locally uniformly with respect to t
(9) Tt = lim
n→∞
(F (t/n))n.
The equality (9) is called Feynman formula for the semigroup (Tt)t≥0.
3. Hamiltonian Feynman formula for some Feller semigroups
Consider a function H : Rd ×Rd → C which is measurable, locally bounded in
both variables (q, p), and satisfies for fixed q the Le´vy-Khintchine representation
(6), i.e. H(q, ·) is a continuous negative definite function for all q ∈ Rd. Assume
that
(10) sup
q∈Rd
|H(q, p)| 6 κ(1 + |p|2) for all p ∈ Rd and some κ > 0,
(11) p 7→ H(q, p) is uniformly (w.r.t. q ∈ Rd) continuous at p = 0,
(12) q 7→ H(q, p) is continuous for all p ∈ Rd.
Consider a ΨDO H(·, D) with the symbol H(q, p), i.e. for each ϕ ∈ C∞c (Rd) we
have
(13) H(q,D)ϕ(q) = (2π)−d/2
∫
Rd
eip·qH(q, p)ϕ̂(p)dp.
Note that (due to the estimate (2)) the condition (10) actually means that a ΨDO
H(·, D) is an operator with bounded “coefficients” (a(q), ℓ(q), Q(q), N(q, ·)).
Assumption A.
(i) We assume that the function H(q, p) is such that −H(·, D) is closable and the
closure is the generator of a strongly continuous semigroup on C∞(R
d).
(ii) We assume also that the set C∞c (R
d) of test functions is an operator core for
this generator.
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Remark 3.1. Conditions on the function H(q, p) to fulfill Assumption A (i) can be
found, for example, in Vol. 2 of [22] (Thms. 2.6.4, 2.6.9, 2.7.9, 2.7.16, 2.7.19, 2.8.1)
or in [24]. For all these constructions C∞c (R
d) is always an operator core. Note that
Assumption A (ii) holds also for example for generators of Le´vy processes, see [29]
(Theo. 31.5).
Let F (t) be a ΨDO with the symbol e−tH(q,p), i.e. for each ϕ ∈ C∞c (Rd)
(14) F (t)ϕ(q) = (2π)−d/2
∫
Rd
eip·qe−tH(q,p)ϕ̂(p)dp.
Lemma 3.1. For each ϕ ∈ C∞c (Rd) the function F (t)ϕ belongs to C∞(Rd).
Proof. The Fourier transform ϕ̂ of a test function ϕ ∈ C∞c (Rd) is in the Schwartz
space S(Rd) of rapidly decreasing functions. Since q 7→ e−tH(q,p) is continuous (by
assumption (12)) and bounded (ReH ≥ 0 due to properties of continuous negative
definite functions), Lebesgue’s Dominated Convergence theorem shows that F (t)
maps C∞c (R
d) into C(Rd).
Let us prove, that F (t)ϕ(q) → 0 when |q| → ∞. Since H(q, ·) is continuous
negative definite for all q ∈ Rd then e−tH(q,·) is continuous positive definite for all
q ∈ Rd and all t > 0 due to Theorem 2.1. Then the function[
p 7→ ht(q, p) := e−tH(q,0) − e−tH(q,p)
]
is also continuous negative definite for all q ∈ Rd by Corollary 2.1. Hence, ht(q, ·)
satisfies a Le´vy-Khintchine representation
(15) ht(q, p) = at(q)+ iℓt(q) · p+ p ·Qt(q)p+
∫
y 6=0
(
1− eiy·p + iy · p
1 + |y|2
)
Nt(q, dy),
where (at(q), ℓt(q), Qt(q), Nt(q, ·)) is for each q ∈ Rd the Le´vy characteristics of
ht(q, ·). Again we can consider a ΨDO ht(q,D) with the symbol ht(q, p), i.e. for
each ϕ ∈ C∞c (Rd)
(16)
ht(q,D)ϕ(q) = (2π)
−d/2
∫
Rd
eip·qht(q, p)ϕ̂(p)dp
= −at(q)ϕ(q) + ℓt(q) · ∇ϕ(q) +
d∑
j,k=1
Qjkt (q)∂j∂ku(q)
+
∫
y 6=0
(
ϕ(q + y)− ϕ(q)− y · ∇ϕ(q)
1 + |y|2
)
Nt(q, dy)
Note, that
F (t)ϕ(q) = (2π)−d/2e−tH(q,0)
∫
Rd
eip·qϕ̂(p)dp − (2π)−d/2
∫
Rd
eip·qht(q, p)ϕ̂(p)dp.
Since ReH ≥ 0 then sup
q∈Rd
∣∣e−tH(q,0)∣∣ ≤ 1, and the first integral in the above formula
tends to zero as |q| → ∞ by the Riemann–Lebesgue Theorem. Thus, we only need
to show that [
q 7→ (2π)−d/2
∫
Rd
eip·qht(q, p)ϕ̂(p)dp
]
∈ C∞(Rd).
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As ϕ has compact support, there is some R > 0 such that suppϕ ⊂ BR(0). For
all |q| > 2R formula (16) becomes
|ht(q,D)ϕ(q)| =
∣∣∣∣∣∣∣
∫
y 6=0
ϕ(q + y)Nt(q, dy)
∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣
∫
|y|>R
ϕ(q + y)Nt(q, dy)
∣∣∣∣∣∣∣
6 2
∫
y 6=0
|y/R|2
1 + |y/R|2 Nt(q, dy) · ‖ϕ‖∞.
The last line follows from the elementary inequality 12 6
t2
1+t2 for |t| > 1 which
applies if |y| > R, and from ϕ(q + y) = 0 if |q| > 2R and |y| 6 R. We can now use
Lemma 2.2, the Le´vy-Khintchine representation of ht(q, ·) and the estimate (2) for
a continuous negative definite function ht(q,
·
R ) to get
|ht(q,D)ϕ(q)| 6 2
∫
y 6=0
∫
Rd
(
1− cos y · η
R
)
g(η) dη Nt(q, dy) · ‖ϕ‖∞
≤ 2
∫
Rd
Reht
(
q,
η
R
)
g(η) dη · ‖ϕ‖∞
6 2
∫
Rd
∣∣∣ht (q, η
R
)∣∣∣ g(η) dη · ‖ϕ‖∞
6 2 sup
|ξ|61/R
|ht(q, ξ)|
∫
Rd
(
1 + |η|2) g(η) dη · ‖ϕ‖∞.
Since g(η) has absolute moments of any order, we see
|ht(q,D)ϕ(q)| 6 cg sup
q∈Rd
sup
|ξ|61/R
|ht(q, ξ)| · ‖ϕ‖∞ for all |q| > 2R.
As ht(q, 0) = 0, the condition (11) tells us that lim|q|→∞ ht(q,D)ϕ(q) = 0. There-
fore, ht(q, ·)ϕ ∈ C∞(Rd). 
Lemma 3.2. For each t > 0 a mapping F (t) can be extended to a contraction
F (t) : C∞(R
d)→ C∞(Rd).
Proof. Let us freeze the coefficients (see e.g. [23]). For each t > 0 and each q0 ∈ Rd
let us consider a ΨDO F q0(t) with the symbol e−tH(q0,p), i.e. for any ϕ ∈ C∞c (Rd)
we have
F q0(t)ϕ(q) = (2π)−d/2
∫
Rd
eip·qe−tH(q0,p)ϕ̂(p)dp.
Then F (t)ϕ(q) = F q(t)ϕ(q) for any ϕ ∈ C∞c (Rd) and any q ∈ Rd. Since for each
q0 ∈ Rd the function e−tH(q0,·) is positive definite then there exists a convolution
semigroup (µq0t )t≥0, such that F−1[µq0t ] = (2π)−d/2e−tH(q0,·) and F q0(t)ϕ(q) =∫
Rd
ϕ(q − y)µq0t (dy). Hence, for each q0 ∈ Rd a family (F q0(t))t≥0 is a Feller semi-
group, and for each q, q0 ∈ Rd we have
|F q0(t)ϕ(q)| =
∣∣∣∣∣∣
∫
Rd
ϕ(q − y)µq0t (dy)
∣∣∣∣∣∣ ≤ ‖ϕ‖∞.
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Then ‖F (t)ϕ‖∞ = supq∈Rd |F (t)ϕ(q)| = supq∈Rd |F q(t)ϕ(q)| ≤ ‖ϕ‖∞ for any ϕ ∈
S(Rd). Hence, the family F (t) can be extended to a contraction from C∞(R
d) into
itself by the B.L.T. Theorem (see [28], p.9). 
Theorem 3.1. Let the function H : Rd×Rd → C be measurable and locally bounded
in both variables (q, p). Assume that H(q, ·) is continuous and negative definite for
all q ∈ Rd and that conditions (10), (11) and (12) hold. Under Assumption A the
family (F (t))t≥0 is Chernoff equivalent to a strongly continuous semigroup (Tt)t≥0,
generated by the closure of the ΨDO −H(·, D) with the symbol −H(q, p), and the
Hamiltonian Feynman formula Tt = limn→∞
[
F ( tn )
]n
is valid in L(C∞(R
d)) locally
uniformly with respect to t ≥ 0.
Proof. By Lemma 3.2 each F (t) is a contraction operator on C∞(R
d), thus we only
need to prove that for all ϕ ∈ C∞(Rd) we have limt→0 ‖F (t)ϕ − ϕ‖∞ = 0 and
F ′(0) = −H(·, D) on a core of −H(·, D).
For any ϕ ∈ C∞c (Rd) we have, due to the estimate (10),
lim
t→0
‖F (t)ϕ− ϕ‖∞ = lim
t→0
sup
q∈Rd
∣∣∣∣∣∣(2π)−d/2
∫
Rd
eip·qϕ̂(p)
[
e−tH(q,p) − 1
]
dp
∣∣∣∣∣∣
≤ lim
t→0
(2π)−d/2
∫
Rd
|ϕ̂(p)| sup
q∈Rd
{∣∣∣∣e−tH(q,p) − 1−tH(q, p)
∣∣∣∣ |tH(q, p)|
}
dp
≤ lim
t→0
(2π)−d/2
∫
Rd
tκ(1 + |p|2)|ϕ̂(p)|dp
= 0,
since ϕ̂ ∈ S(Rd). Hence, limt→0 ‖F (t)ϕ−ϕ‖∞ = 0 for all ϕ ∈ C∞c (Rd). As ‖F (t)‖ ≤
1, then the last equality is true for all ϕ ∈ C∞(Rd) by a 3-epsilon argument.
In a similar way, for any ϕ ∈ C∞c (Rd) we have
lim
t→0
∥∥∥∥F (t)ϕ− ϕt +H(·, D)ϕ
∥∥∥∥
∞
= lim
t→0
sup
q∈Rd
∣∣∣∣∣∣(2π)−d/2
∫
Rd
eip·qϕ̂(p)
[
e−tH(q,p) − 1
t
+ (H(q, p))
]
dp
∣∣∣∣∣∣
≤ lim
t→0
(2π)−d/2
∫
Rd
|ϕ̂(p)| tκ
2(1 + |p|2)2
2
dp
= 0.
Thus, all assumptions of Chernoff’s theorem are fulfilled, and the family F (t) is
Chernoff equivalent to the semigroup Tt generated by −H(·, D). 
Remark 3.2. (i) Let us assume additionally that H : Rd ×Rd → C satisfies the
following condition:
∃C > 0 such that
∥∥∂αq ∂βp etH∥∥L∞(Rd×Rd) ≤ C,
where α, β ∈ Nd0, α = 0 or 1, β = 0 or 1, ∂αq ∂βp are derivatives in the distribu-
tional sense. Note, that this condition is fulfilled, e.g. if H : |H(q, p)| ≥ c|p|r for
|p| ≫ 1, some c > 0 and some r ∈ (0, 2). Then by Theorem 2 of Ref. [19] we have
F (t) : L2(R
d)→ L2(Rd). In this case the Hamiltonian Feynman formula obtained
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in Theorem 3.1 has the following form:
(Ttϕ)(q0)
(17)
= lim
n→∞
1
(2π)dn
∫
(Rd)2n
e
i
n∑
k=1
pk·(qk−1−qk)
e
− tn
n∑
k=1
H(qk−1,pk)
ϕ(qn)dq1dp1 · · · dqndpn,
where the equality holds in L2-sense (i.e. the integrals in the right hand side must
be considered in a regularized sense). We refer to [19] for further conditions on
H(q, p) ensuring F (t) : L2(R
d)→ L2(Rd).
(ii) If the function H satisfies sufficient conditions for F (t)ϕ to be in S(Rd) for
each ϕ ∈ S(Rd) then for any ϕ ∈ S(Rd) the equality in the Hamiltonian Feynman
formula (17) holds in each point q0 ∈ Rd. Such conditions can be found in the
following lemma.
Lemma 3.3. Let H : Rd × Rd → C be a continuous function such that for each
q ∈ Rd a mapping p 7→ H(q, p) is negative definite and H(·, ·) ∈ C∞(Rd × Rd).
Assume that for each p ∈ Rd and for each α, β ∈ Nd0, the following estimates hold:
(18) sup
q∈Rd
|∂αp ∂βqH(q, p)| ≤ fα,β(p),
where all functions fα,β are continuous on R
d and have at most polynomial growth
at infinity. Then F (t)ϕ ∈ S(Rd) for each ϕ ∈ S(Rd).
Proof. By Lemma 3.2 we have F (t)ϕ ∈ C∞(Rd). Let us show that for all α, β ∈ Nd0
the norm
‖F (t)ϕ‖α,β = sup
q∈Rd
∣∣qα∂βq [F (t)ϕ](q)∣∣
is finite. Note that for any β ∈ Nd0 the function ∂βq e−tH(q,p)+ip·q is continuous. By
(18) it is also majorized (uniformly for all q) by some continuous function of p
which has at most polynomial growth at infinity. Hence, by Lebesgue’s dominated
convergence theorem, we have
qα∂βq [F (t)ϕ](q) = (2π)
−d/2
∫
Rd
qα∂βq e
−tH(q,p)+ip·qϕ̂(p)dp
= (2π)−d/2
∑
0≤γ≤β
∫
Rd
qα∂γq (e
ip·q)∂β−γq (e
−tH(q,p))ϕ̂(p)dp.
Since ∂γq (e
ip·q) = eip·qRγ(p), where Rγ is a polynomial of p, we can use integration
by parts and get
qα∂βq [F (t)ϕ](q) = (2π)
−d/2
∑
0≤γ≤β
∫
Rd
qαeip·q
[
Rγ(p)∂
β−γ
q (e
−tH(q,p))ϕ̂(p)
]
dp
= (2π)−d/2
∑
0≤γ≤β
i|α|
∫
Rd
∂αp e
ip·q
[
Rγ(p)∂
β−γ
q (e
−tH(q,p))ϕ̂(p)
]
dp
= (2π)−d/2
∑
0≤γ≤β
(−i)|α|
∫
Rd
eip·q∂αp
[
Rγ(p)∂
β−γ
q (e
−tH(q,p))ϕ̂(p)
]
dp.
Since ∂αp
[
Rγ(p)∂
β−γ
q (e
−tH(q,p))ϕ̂(p)
]
is bounded by an L1-function which is inde-
pendent of q, we can use (18) to see that the expression in the last line is finite.
Hence, the norm ‖F (t)ϕ‖α,β is finite. 
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Remark 3.3. If in Assumption A (i) we require the existence of not just a strongly
continuous but a Feller semigroup, we obtain a Hamiltonian Feynman formula for
the corresponding Feller process ξt. Besides, for each fixed n the operator
[
F (t/n)
]n
in the Hamiltonian Feynman formula corresponds to the approximation of the pro-
cess ξt by a Markov chain
{
Y t/n(k)
}n
k=0
with Le´vy increments. This Markov chain
is obtained by splitting the time interval [0, t] onto n equal steps and “freezing”
the coefficient q in the transition probabilities of ξt at each step (cf. [4]). Moreover,
the transition kernels µq,t/n of this Markov chain correspond to the transition op-
erator Wt/n, Wt/nϕ(q) =
∫
Rd
ϕ(y)µq,t/n(dy). Hence,
[
F (t/n)
]n
=
[
Wt/n
]n
. This
allows us to transform the obtained Hamiltonian Feynman formula for the Feller
semigroup Tt associated with the process ξt into a Lagrangian Feynman formula
Ttϕ(q) = limn→∞
[
Wt/n
]n
ϕ(q).
Example 3.1. Let us consider the symbol H1(q, p) = a(q)|p|α, where α ∈ (0, 2]
and a(·) ∈ C∞(Rd) is a strictly positive and bounded function. Then −H1(·, D)
generates a Feller semigroup (T 1t )t≥0 (see [31]). If α = 2 this semigroup corresponds
to the process of diffusion with variable diffusion coefficient. All conditions of the
Theorem 3.1 are fulfilled and by the Hamiltonian Feynman formula (17) for any
ϕ ∈ C∞c (Rd) and any q0 ∈ Rd we have:
(T 1t ϕ)(q0)
= lim
n→∞
1
(2π)dn
∫
R2dn
e
i
n∑
k=1
pk·(qk−1−qk)
e
− tn
n∑
k=1
a(qk−1)|pk|
α
ϕ(qn)dq1dp1 · · · dqndpn.
Example 3.2. Let us consider the symbolH2(q, p) =
√
|p|α +m2(q)−m(q), where
m(·) ∈ C∞(Rd) is a strictly positive and bounded function on Rd, α ∈ (0, 2]. If addi-
tionally the function m(·) is such that the Assumption A holds (e.g. if m ≡ const),
then the following Hamiltonian Feynman formula is valid for the corresponding
semigroup (T 2t )t≥0:
(T 2t ϕ)(q0) = limn→∞
1
(2π)dn
∫
R2dn
e
i
n∑
k=1
pk·(qk−1−qk)
e
− tn
n∑
k=1
√
|pk|α+m2(qk−1)−m(qk−1)×
× ϕ(qn)dq1dp1 · · · dqndpn,
where ϕ ∈ C∞c (Rd) and q0 ∈ Rd. In the case α = 2 the operator H2(·, D) can be
considered as a Hamiltonian of a free relativistic (quasi-)particle with variable mass
(cf. [18], [20]).
4. Lagrangian Feynman formula for multiplicative perturbations of
Feller semigroups
Let H(·, D) be a ΨDO with the symbol H(q, p). Assume that −H(·, D) generates
a Feller semigroup (Tt)t≥0,
Ttϕ(q) =
∫
Rd
ϕ(y)pt(q, dy),
where pt(q, dy) = P
q(Xt ∈ dy) is the transition probability of the underlying Feller
process Xt, ϕ ∈ C∞(Rd). Let a(·) : Rd → [c, 1/c], c > 0, be a continuous function.
Then (due to [14]) a ΨDO −H˜(·, D) with the symbol −H˜(q, p) = −a(q)H(q, p)
generates a strongly continuous semigroup (T˜t)t≥0 on the space C∞(R
d).
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Consider now a family (F˜ (t))t≥0 of operators on C∞(R
d) defined by the formula:
(19) F˜ (t)ϕ(q) = (Ta(q)tϕ)(q) ≡
∫
Rd
ϕ(y)pa(q)t(q, dy)
Theorem 4.1. The family (F˜ (t))t≥0 given by the formula (19) is Chernoff equiv-
alent to the semigroup (T˜t)t≥0 generated by a ΨDO −H˜(·, D) with the symbol
−H˜(q, p) = −a(q)H(q, p) and, hence, the Lagrangian Feynman formula
(20)
T˜tϕ(q0) = lim
n→∞
∫
Rd
· · ·
∫
Rd
ϕ(qn)pa(q0)t/n(q0, dq1)pa(q1)t/n(q1, dq2) · · ·
· · · pa(qn−1)t/n(qn−1, dqn)
is valid in L(C∞(R
d)) locally uniformly with respect to t ≥ 0.
Remark 4.1. The transformation of a Feller process under which a symbol H(q, p)
transfers into a symbol a(q)H(q, p) may be understood as a position-dependent time
re-scaling of the process: t a(q)t. Indeed, for each random variableXa(q)t we have:
Eq
[
ei(Xa(q)t−q)·p
]− 1
t
= a(q)
Eq
[
ei(Xa(q)t−q)·p
]− 1
a(q)t
−→ −a(q)H(q, p), t→ 0.
Note, that p(t, x, dy) = pa(x)t(x, dy) is NOT the transition function of the re-scaled
process.
If the explicit form of the transition density of the original Feller process is known
then the Lagrangian Feynman formula (20) for the time re-scaled process contains
only explicit—usually elementary—functions.
Proof. First, let us prove that the family (F˜ (t))t≥0 acts in the space C∞(R
d). For
any fixed ϕ ∈ C∞(Rd) we have
lim
q→q0
|F˜ (t)ϕ(q) − F˜ (t)ϕ(q0)|
= lim
q→q0
|(Ta(q)tϕ)(q)− (Ta(q0)tϕ)(q0)|
≤ lim
q→q0
(
|(Ta(q)tϕ)(q)− (Ta(q0)tϕ)(q)| + |(Ta(q0)tϕ)(q)− (Ta(q0)tϕ)(q0)|
)
≤ lim
q→q0
‖[Ta(q)t − Ta(q0)t]ϕ‖∞ + limq→q0 |(Ta(q0)tϕ)(q)− (Ta(q0)tϕ)(q0)|
= 0.
Therefore, the function F˜ (t)ϕ is continuous. Since
lim
|q|→∞
|F˜ (t)ϕ(q)| = lim
|q|→∞
|(Ta(q)tϕ)(q)|
≤ lim
|q|→∞
sup
q0∈Rd
|Ta(q0)tϕ(q)|
= lim
|q|→∞
sup
s∈[ct,t/c]
|Tsϕ(q)|,
we get that F˜ (t) : C∞(R
d)→ C∞(Rd).
Since the semigroup (Tt)t≥0 acts in C∞(R
d), then for any t ≥ 0 and ε > 0 there
exists Rε,t > 0 such that for any q ∈ Rd : |q| > Rε,t the inequality |Ttϕ(q)| < 12ε
holds. Due to the strong continuity of (Tt)t≥0 there exists δε > 0 such that for all
τ, τ ′ ∈ [ct, t/c] with |τ − τ ′| < δε the inequality ‖Tτϕ − Tτ ′ϕ‖∞ < 12ε holds. Let
us fix ε > 0. Consider a partition τ0 = ct < τ1 < . . . < τN = t/c of a segment
[ct, t/c] such that max
1≤k≤N
|τk − τk−1| < δε. Then for any τ ∈ [ct, t/c] ther exists τk
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with |τ − τk| < δε. Let now Rε = max
0≤k≤N
Rε,τk . Then for any q ∈ Rd : |q| > Rε and
any τ ∈ [ct, t/c] we have
|Tτϕ(q)| ≤ |Tτϕ(q)− Tτkϕ(q)|+ |Tτkϕ(q)|
≤ ‖Tτϕ− Tτkϕ‖∞ + |Tτkϕ(q)|
≤ 1
2
ε+
1
2
ε = ε.
Therefore, lim
|q|→∞
sup
τ∈[c1t,c2t]
|Tτϕ(q)| = 0 and, hence, the function F˜ (t)ϕ vanishes at
infinity.
Further we use a freezing-in technique. For each q0 ∈ Rd consider a family of
operators (F q0(t))t≥0 on C∞(R
d) such that
F q0(t)ϕ(q) =
∫
Rd
ϕ(y)pa(q0)t(q, dy) ≡ (Ta(q0)tϕ)(q).
Then F˜ (t)ϕ(q) = F q(t)ϕ(q) for all ϕ ∈ C∞(Rd), q ∈ Rd. Moreover, F˜ (0) = T0 = Id
and, as (Tt)t≥0 is a contraction semigroup, we have
‖F˜ (t)ϕ‖∞ ≤ sup
q0∈Rd
sup
q∈Rd
∣∣F q0(t)ϕ(q)∣∣
= sup
q0∈Rd
‖Ta(q0)tϕ‖∞
≤ ‖ϕ‖∞.
The family (F˜ (t))t≥0 is strongly continuous since
lim
t→0
‖F˜ (t)ϕ− ϕ‖∞ = lim
t→0
sup
q∈Rd
|F q(t)ϕ(q) − ϕ(q)|
≤ lim
t→0
sup
q0∈Rd
sup
q∈Rd
|F q0(t)ϕ(q) − ϕ(q)|
= lim
t→0
sup
q0∈Rd
‖Ta(q0)tϕ− ϕ‖∞
6 lim
t→0
sup
a∈[c,1/c]
‖Tatϕ− ϕ‖∞
= 0.
And for all ϕ ∈ D(−H(·, D)) we have∥∥∥∥ F˜ (t)ϕ− ϕt + H˜(·, D)ϕ
∥∥∥∥
∞
= sup
q∈Rd
∣∣∣∣F q(t)ϕ(q) − ϕ(q)t + a(q)H(q,D)ϕ(q)
∣∣∣∣
≤ sup
q0∈Rd
sup
q∈Rd
∣∣∣∣F q0(t)ϕ(q) − ϕ(q)t + a(q0)H(q,D)ϕ(q)
∣∣∣∣
= sup
q0∈Rd
sup
q∈Rd
∣∣∣∣ −1a(q0)t
a(q0)t∫
0
a(q0)H(q,D)(Tτϕ(q)− ϕ(q))dτ
∣∣∣∣
≤ 1
t
∫ t/c
0
‖H(q,D)(Tτϕ(q)− ϕ(q))‖∞dτ
−→ 0, t→ 0.
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Therefore, all assumptions of Chernoff’s theorem are fulfilled and, hence, the family
(F˜ (t))t≥0 is Chernoff equivalent to the semigroup (T˜t)t≥0 generated by a ΨDO
−H˜(·, D) = −a(·)H(·, D). 
Remark 4.2. One can show that (the appropriate modification of) Theorem 4.1 re-
mains true for multiplicative perturbations of not necessary Feller but just strongly
continuous semigroups on C∞(R
d).
Remark 4.3. If the symbol −H(q, p) of a ΨDO −H(·, D) generating a Feller semi-
group (Tt)t≥0 satisfies the assumptions of Theorem 3.1, then the symbol−H˜(q, p) =
−a(q)H(q, p) (with continuous a(·) : Rd → [c, 1/c], c > 0) also satisfies the as-
sumptions of this Theorem. Hence, the Hamiltonian Feynman formula obtained in
Theorem 3.1 remains valid for the perturbed semigroup (T˜t)t≥0 as well.
Example 4.1 (diffusion with variable diffusion coefficient). Let ψ(p) = 12 |p|2 be
the characteristic exponent of a Brownian motion in Rd. The generator of Brownian
motion is −ψ(D) = 12∆. The transition density is given by Gaussian density
pBMt (x) = (2πt)
−d/2 exp
{
− |x|
2
2t
}
.
Consider the semigroup (T˜t)t≥0, generated by a ΨDO −H˜(·, D) with the symbol
−H˜(q, p) = − 12a(q)|p|2, where a(·) is as before. Then by Theorem 4.1 for each
ϕ ∈ C∞(Rd) we have (cf. [7], [8]):
T˜tϕ(q0) = lim
n→∞
∫
Rd
· · ·
∫
Rd
(2πa(q0)t/n)
−d/2 exp
{
− |q0 − q1|
2
2a(q0)t/n
}
· · ·
· · · (2πa(qn−1)t/n)−d/2 exp
{
− |qn−1 − qn|
2
2a(qn−1)t/n
}
ϕ(qn)dq1 · · · dqn
Example 4.2 (Cauchy type process with variable coefficient). Let ψ(p) = |p| be the
characteristic exponent of the Cauchy process in Rd. The generator of the Cauchy
process is −ψ(D) = −√−∆. The transition density is given by the formula
pt(x) = Γ
(
d
2
+
1
2
)
t
[π|x|2 + t2](d+1)/2 ,
where Γ(·) is Euler’s Gamma function.
Consider the semigroup (T˜t)t≥0, generated by a ΨDO −H˜(·, D) with the symbol
−H˜(q, p) = −a(q)|p|, where a(·) is as before. Then by Theorem 4.1 for each ϕ ∈
C∞(R
d) we have (cf. [9]):
T˜tϕ(q0) = lim
n→∞
∫
Rd
· · ·
∫
Rd
[
Γ
(
d
2
+
1
2
)]n
a(q0)t/n
[(a(q0)t/n)2 + (π|q0 − q1|)2](d+1)/2 · · ·
· · · a(qn−1)t/n
[(a(qn−1)t/n)2 + (π|qn−1 − qn|)2](d+1)/2ϕ(qn)dq1 · · · dqn.
5. Feynman formulae for additive perturbations of semigroups
Theorem 5.1. Let X be a Banach space with a norm ‖ · ‖X . Let (Tk(t))t≥0,
k = 1, . . . ,m, be strongly continuous semigroups on X with generators (Ak, D(Ak))
respectively. Assume that A = A1 + · · · + Am with domain D(A) = ∩mk=1D(Ak)
is closable and that the closure is the generator of a strongly continuous semi-
group (T (t))t≥0 on X. Let (Fk(t))t≥0, k = 1, . . . ,m, be families of operators in X
which are Chernoff equivalent to the semigroups (Tk(t))t≥0 respectively, i.e. for each
k ∈ {1, . . . ,m} we have Fk(0) = Id, ‖Fk(t)‖ ≤ eakt for some ak > 0 and there is a
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set Dk ⊂ D(Ak), which is a core for Ak, such that limt→0
∥∥Fk(t)ϕ−ϕ
t −Akϕ
∥∥
X
= 0
for each ϕ ∈ Dk. Assume that there exists a set D ⊂ ∩mk=1Dk which is a core for A.
Then the family (F (t))t≥0, where F (t) = F1(t) ◦ · · · ◦ Fm(t) is Chernoff equivalent
to the semigroup (T (t))t≥0 and, hence, the Feynman formula
Tt = lim
n→∞
[
F (t/n)
]n
is valid in the strong operator topology locally uniformly with respect to t ≥ 0.
Proof. Obviously, the family (F (t))t≥0 is strongly continuous, F (0) = Id and
‖F (t)‖ ≤ ‖F1(t)‖ · . . . · ‖Fm(t)‖ ≤ e(a1+···+am)t.
Let D ⊂ ∩mk=1Dk be a core for A. Then for each ϕ ∈ D we have
lim
t→0
∥∥∥∥F (t)ϕ − ϕt −Aϕ
∥∥∥∥
X
= lim
t→0
∥∥∥∥F1(t) ◦ · · · ◦ Fm(t)ϕ− ϕt −A1ϕ− · · · −Amϕ
∥∥∥∥
X
= lim
t→0
∥∥∥∥F1(t) ◦ · · · ◦ Fm−1(t) ◦ Fm(t)ϕ− ϕt −Amϕ
+
F1(t) ◦ · · · ◦ Fm−1(t)ϕ− ϕ
t
−A1ϕ− · · · −Am−1ϕ
∥∥∥∥
X
≤ lim
t→0
∥∥∥∥F1(t) ◦ · · · ◦ Fm−1(t)ϕ− ϕt −A1ϕ− · · · −Am−1ϕ
∥∥∥∥
X
≤ · · · ≤ lim
t→0
∥∥∥∥F1(t)ϕ− ϕt −A1ϕ
∥∥∥∥
X
= 0. 
Note, that if some of the (Tk(t))t≥0 are known explicitly and if ‖Tk(t)‖ ≤ eakt
for some ak ≥ 0 then we can take Fk(t) ≡ Tk(t) in the corresponding Feynman
formulae.
Example 5.1 (bounded Schro¨dinger perturbations). Let X = C∞(R
d) with the
supremum norm, (Tt)t≥0 be a strongly continuous semigroup with a generator
(A, D(A)), (F (t))t≥0 be Chernoff equivalent to (Tt)t≥0. Let V (·) : Rd → R be a
bounded continuous function. Then an operator A+V , such that D(A+V ) = D(A)
and (A + V )ϕ(q) = Aϕ(q) + V (q)ϕ(q) for all ϕ ∈ D(A + V ), generates a strongly
continuous semigroup (TA+Vt )t≥0 on C∞(R
d). By Theorem 5.1 the Feynman for-
mula TA+Vt = limn→∞
[
e
t
nV ◦ F (t/n)]n is valid. In particular, if ‖Tt‖ ≤ eat for
some a ∈ [0,+∞) and all t ≥ 0, then we have TA+Vt = limn→∞
[
e
t
nV ◦ Tt/n
]n
. In
both formulae the operator etV is an operator of multiplication with the function
etV .
Example 5.2 (gradient perturbations). Let again X = C∞(R
d) with the supre-
mum norm. Let b(·) : Rd → Rd be a bounded continuous vector field and ∇ =
( ∂∂q1 , . . . ,
∂
∂qd
). Consider an operator b∇, such that b∇ϕ(q) = b(q)∇ϕ(q) for all
ϕ ∈ D(b∇). Consider a family (S(t))t≥0 of operators in C∞(Rd) defined by the
formula:
S(t)ϕ(q) = ϕ(q + tb(q)).
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Then (S(t))t≥0 is Chernoff equivalent to the semigroup e
tb∇ generated by b∇. In-
deed, S(0) = Id, ‖S(t)‖ = 1 and for all ϕ ∈ D(b∇)
lim
t→0
∥∥∥∥S(t)ϕ− ϕt − b∇ϕ
∥∥∥∥
∞
= lim
t→0
sup
q∈Rd
∣∣∣∣ϕ(q + tb(q))− ϕ(q)t − b(q)∇ϕ(q)
∣∣∣∣
≤ lim
t→0
t · sup
q∈Rd, s∈[0,t]
∣∣b(q) ·Hessϕ(q + sb(q))b(q)∣∣
= 0,
where Hessϕ is a Hessian of ϕ. Hence, ddtS(t)
∣∣
t=0
ϕ = b∇ϕ for each ϕ ∈ D(b∇).
Let now (Tt)t≥0 be a strongly continuous semigroup with a generator (A,D(A))
and a family (F (t))t≥0 be Chernoff equivalent to (Tt)t≥0. Consider an operator
A + b∇ such that (A + b∇)ϕ(q) = Aϕ(q) + b(q)∇ϕ(q) for all ϕ ∈ D(A + b∇) =
D(A) ∩ D(b∇). Assume that A + b∇ generates a strongly continuous semigroup
(TA+b∇t )t≥0 on C∞(R
d). Note, that the assumption holds, e.g. if the operator b∇
is A-bounded, i.e. D(A) ⊂ D(b∇) and for all ϕ ∈ D(A), some λ ∈ [0, 1) and γ ≥ 0
the estimate
‖b∇ϕ‖X ≤ λ‖Aϕ‖X + γ‖ϕ‖X
holds. In particular, b∇ is A-bounded for A = −(−∆)α/2, α ∈ (1, 2].
By Theorem 5.1 the family (S(t) ◦ F (t))t≥0 is Chernoff equivalent to the semi-
group (TA+b∇t )t≥0 and the Feynman formula T
A+b∇
t = limn→∞
[
S(t/n) ◦F (t/n)]n
is valid.
Corollary 5.1 (Hamiltonian Feynman formula for gradient and bounded Schro¨-
dinger perturbations of Feller semigroups). Let b(·), V (·) be as in the above exam-
ples. Let a function H(q, p) be as in Theorem 3.1, H(·, D) be a ΨDO with the
symbol H(q, p) (see formula (13)) and F (t) be given by the formula (14). We
assume that the function H(q, p) satisfies sufficient conditions for −H(·, D) and
A := −H(·, D) + b∇ + V to be closable and the closures to generate strongly con-
tinuous semigroups on C∞(R
d). Then by Theorems 3.1, 5.1 and due to the above
examples the following Hamiltonian Feynman formula is valid for the semigroup
(TAt )t≥0, generated by A = −H(·, D) + b∇+ V :
(TAt ϕ)(q0) = limn→∞
[
e
t
nV ◦ S(t/n) ◦ F (t/n)]nϕ(q0)
= lim
n→∞
(2π)−dn
∫
(Rd)2n
e
t
n
∑n
k=1 V (qk−1)ei
∑n
k=1 pk·(qk−1−qk+
t
n b(qk−1))×
× e− tn
∑n
k=1H(qk−1+
t
n b(qk−1),pk)ϕ(qn)dq1dp1 · · · dqndpn,
where again the integrals in the formula must be understood in a proper sense (see
Remark 3.2).
Corollary 5.2 (Lagrangian Feynman formula for a mixture of multiplicative and
additive perturbations of Feller semigroups). Let b(·), V (·) be as in the above ex-
amples, H˜(·, D) be as in Section 4, F˜ (t)—as in (19). We assume that the function
H˜(q, p) satisfies sufficient conditions for −H˜(·, D) and B := −H˜(·, D)+ b∇+V to
be closable and the closures to generate strongly continuous semigroups on C∞(R
d).
Then by Theorems 4.1, 5.1 and due to the above examples the following Lagrangian
Feynman formula is valid for the semigroup (T˜Bt )t≥0, generated by B = −H˜(·, D)+
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b∇+ V :
T˜Bt ϕ(q0)
= lim
n→∞
[
e
t
nV ◦ S( tn ) ◦ F˜ ( tn )
]n
ϕ(q0)
= lim
n→∞
∫
Rd
· · ·
∫
Rd
e
t
n
∑n
k=1 V (qk−1)ϕ(qn)p
a
(
q0+b(q0)
t
n
)
t
n
(
q0 + b(q0)
t
n , dq1
)×
× p
a
(
q1+b(q1)
t
n
)
t
n
(
q1 + b(q1)
t
n , dq2
)
. . . p
a
(
qn−1+b(qn−1)
t
n
)
t
n
(
qn−1 + b(qn−1)
t
n , dqn
)
.
Example 5.3 (Lagrangian Feynman formula for perturbations of the heat semi-
group). Let again b(·), V (·) be as before. Consider A = 12∆; A is the generator of
the heat semigroup (Tt)t≥0: Ttϕ(q) = (2πt)
(−d/2)
∫
Rd
e−
|q−y|2
2t ϕ(y)dy. Then by The-
orem 5.1 the Lagrangian Feynman formula is valid (cf. [7], [8]) for the semigroup
(TCt )t≥0 generated by C :=
1
2∆+ b∇+ V :
TCt ϕ(q0) = limn→∞
(2πt/n)(−dn/2)
∫
Rd
· · ·
∫
Rd
e
t
n
n∑
k=1
V (qk−1)
e
−
n∑
k=1
|qk−1+b(qk−1)t/n−qk|
2
2t/n ×
× ϕ(qn)dq1 · · · dqn.
Since |x+ b(x)t− y|2 = |x− y|2 + 2tb(x)(x− y) + t2|b(x)|2 then
T b∇+Vt ϕ(q0) = lim
n→∞
∫
Rd
· · ·
∫
Rd
e
t
n
∑n
k=1 V (qk−1)e−
∑n
k=1 b(qk−1)(qk−1−qk)×
× e− t2n
∑n
k=1 |b(qk−1)|
2
pBMt/n (q0 − q1) · · · pBMt/n (qn−1 − qn)ϕ(qn)dq1 · · · dqn,
where pBMt (x) = (2πt)
(−d/2) exp
{ − |x|22t } is the transition density of Brownian
motion. Therefore, one can show, that the limit in the right hand side of the last
formula coincides with the functional integral
(21) Eq0
[
e
∫
t
0
V (ξτ )dτe
∫
t
0
b(ξτ )dξτ e−
1
2
∫
t
0
|b(ξτ )|
2dτf(ξt)
]
with respect to Wiener measure concentrated on the paths starting at q0. Hence,
the machinery of Feynman formulae provides not only another way to prove the
Feynman–Kac formula (21) and Girsanov’s formula but also to extend them for the
case of variable diffusion coefficients (cf. [8]).
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